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Abst rac t - - In  this paper, we study the solvability of a general equation of the form /(x)  = 0, 
with f : E --~ F, where E and F are locally convex spaces or E = F and E is a Banach space. 
Our solvability results are based on some classical fixed-point heorems and on some geometrical 
conditions. © 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The solvability of nonlinear equations, defined on locally convex spaces or on Banach spaces, 
is generally studied by special mathematical  tools as, for example, the topological degree, the 
fixed-point heory, the coincidence theory, or by some special methods based on ordering [1,2]. 
Inspired by some notions introduced in [3] and by the main result proved recently in [4], we 
present in this paper some existence theorems for the general equation f(x) = 0, where f is a 
mapping defined between two locally convex spaces or from E into E, where E is a Banach space, 
endowed with a semi-inner-product. We use the semi-inner-product defined by Lumer in [5]. 
Our results axe based on some geometrical conditions. We end the paper with some comments 
related to applicability of our results. 
2. PREL IMINARIES  
In this section, we give some concepts and notations necessary for this paper. 
We denote by (E, I1" II) a Banach space and by E(T) a locally convex topology defined on E. 
Let (E, II' II) be a Banach space. The unity open ball centered at the origin defined by the norm 
ll II is the set 
B= {x e E IIIx[I < 1}. 
The closure of B is /~ = {x ¢ E [ Ilx]l -< 1}. We say that a general mapping f : /~ --* E is a 
compact mapping if f is continuous and f(/~) is a relatively compact set in E. 
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Let E be a locally convex vector space or a Banach space and D C E a nonempty subset. We 
say that a nonempty subset A C D is relatively open in D if and only if there is an open subset U 
in E such that A = U N D. 
Let (E, H" [[) be an arbitrary Banach space. A semi-inner-product on E is a mapping [.,.] : 
E × E ~ R satisfying the following properties: 
(sl) Ix + y, z] = [x, z] + [y, z], for all x, y, z e E, 
(s2) [Ax, y] = A[x, y], for all A E R,  and all x, y E E, 
(s3) [x,x] > 0, for all x # O, x e E, 
(s4) I[ ,y]l 2 < Ix, x].  [y,y], for all e E. 
It is known [5] that the mapping x -~ [x,x]U2, for any x E E is a norm on E. We denote 
this norm by ][. ]Is. The notion of semi-inner-product was introduced in [5] and studied in [5,6] 
among others. 
It is known that on any Banach space it is possible to define a semi-inner-product. If E is a 
Hilbert space, then any semi-inner-product oincides with the inner product of E (see [5,6]). If 
the semi-inner-product [., .] defined on E satisfies the following property: 
(ss) Ix, x] = HxH 2, for all x z E, 
then, in this case, we say that the semi-inner-product is subordinated to the norm H" H, given ini- 
tially on E. Also, on any Banach space it is possible to define a semi-inner-product subordinated 
to the norm of the space (see [5,6]). 
Examples  
Now we give two important examples of semi-inner-products subordinated to the norm given 
on the space. 
EXAMPLE 1. Let E = Lp(X,S,#),  1 < p < oo. We denote the norm on Lp by H" lip. The 
mapping [., .] : Lp(X, S, it) x Lp(X, S, #) --~ R defined by 
1 Ix  xMV-1 sgn y d# 
[x,y] = ityll _ 
is a semi-inner-product on Lp(X, S, #) subordinated to the norm II • lip- This semi-inner-product 
was studied in [6]. 
EXAMPLE 2. Let (E, ]t • H) be an arbitrary Banach space. The mapping [., .] : E × E ~ R defined 
by 
Ix, Y] = IlYll lim Ily + t i l l  - Ilyll 
t-~O+ t 
is another kind of semi-inner-product on E subordinated to the norm [[ • [[ of E without prop- 
erty (sl). For this kind of semi-inner-product, the reader is referred to [1, p. 96]. This semi-inner- 
product is only subadditive in the first variable. 
In this paper, we will apply the following two classical fixed-point heorems. 
SCHAUDER'S THEOREM. Let (E, [[. [I) be a Banach space, C a closed bounded convex subset 
of E, and T : C ~ C a compact map. Then, T has at least one fixed point in C. 
PROOF. A proof of this theorem is in [7]. | 
BROWDER-FAN'S THEOREM. A mapping T : D ~ 2 ° (D C E(-r)) will have a fixed point if the 
following conditions are satisfied: 
(i) E(T) is a locally convex space and D is a nonempty compact set, 
(ii) the set T(x) is nonempty and convex for all x E D, and the preimages T-  l(y) are relatively 
open with respect o D for all y E D. 
PROOF. The reader can find a proof of this theorem in [8, p. 453]. | 
About Browder-Fan's theorem, we recall that T- l (y )  = {x E D I Y E T(x)} and an element 
x.  E D is a fixed point of T if x. E T(x.).  
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3. A GENERAL SOLVABIL ITY  THEOREM 
THEOREM 1. Let E0-1 ) and F('r2) be locally convex spaces and f : E --~ F a continuous mapping. 
Let B : F x F --~ R be a mapping, separately continuous and such that B(u,  u) > O, for ali u E F. 
Let D C E be a nonempty compact convex subset. 
I f  the foI1owing assumptions are satisfied: 
(1) for any xo E D, with f (xo)  ¢ O, there always exists a point x E D such that B ( f (x ) ,  
/ (xo))  < o, 
(2) given any t ree points z l ,  D with < 0, i = 1, 2, and/ (x i )  ¢ 0, 
i = 1, 2, then B( f (x t ) ,  f (xo))  < O, where xt = txl  + (1 - t)x2, for any t E ]0, 1[, 
then f has a zero in D, i.e., there exists x .  E D such that f (x . )  = O. 
PROOF. For any xo E D, we define a mapping k9 : D -+ 2 D as 
• (xo) = {x E D iB ( f (x ) , f (xo) )  < 0}. 
We have two situations. 
I. If there exists a point x0 E D such that the set q(x0) is empty, then from Assumption (1) 
we have that x0 is a zero of f ,  i.e., f (xo) = 0 and the proof is ended. 
II. We suppose that q(x0) is nonempty for every x0 E D. Consider the set A = q(D). We 
decompose the set A into two classes: 
and 
A1 = U {~(x) ] ~(x) is convex} 
xED 
A2 = U {~(x) I ~(x) is nonconvex}. 
xED 
We show that A2 ~ 0. Indeed, if A2 = 0, then A1 = A, that is, for every x0 E D, the set 
~(x0) ¢ 0 and ~(x0) is a convex set. 
We show that ~- l (x )  is relatively open for all x E D. Indeed, let x E D be an arbitrary 
element. By definition, we have 
• - l (x ) -  {x0 C DI  m e ~(x0)} = {Xo e D IB( f (x ) , f (xo) )  < 0}. 
Let {xi}ie1 c D \ ~- l (x )  be a set such that {xi}iei  is convergent to an element y. We have 
y E D (because D is closed) and B( f (x ) ,  f (x i ) )  >_ 0, for all i c I. 
Since f is continuous and B is separately continuous, we have 
B( / (x ) ,  f (y) )  >_ O, 
that is, y E D \ ~- l (x ) .  Therefore, D \ ~- l (x )  is relatively closed in D, and hence, ~- l (x )  is 
relatively open in D for every x E D. 
We have that all the assumptions of Browder-Fan's theorem are satisfied. 
Therefore, there exists an element x. E D such that x. E ~(x.) ,  which implies that 
B(y(x . ) , f (x . ) )  < O, 
which is impossible since B(u, u) > O, for all u E F. 
Thus, A2 ¢ 0. Now, we can show that there exists at least an element x. E D such that 
f (x . )  = O. 
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Indeed, because A2 ¢ ~, there exists at least an element xo E D such that the set k~(xo) -- 
{x E D [ B ( f (x ) ,  f(xo)) < 0} is nonconvex (and nonempty). Hence, there are two points 
xl, x2 E ~(x0) and 0 < to < 1 such that for xto = toxl + (1 - t0)x2 E D we have that 
B(f(Xto), f(xo)) >_ O. (,) 
Since Xl, x2 e ~(xo), we have B( f (x l ) ,  f(xo)) < 0 and B(f (x2) ,  f(xo)) < 0. At least one of the 
elements xl ,x2 must be a zero for f (that is, f (x . )  = 0 with x. = Xl or x. = x2), because if 
f (x l )  # 0 and f(x2) # 0, we must have by Assumption (2) that B(f(Xto), f(xo)) < 0, which 
contradicts inequality (.). Therefore, the proof is complete. I 
REMARKS. 
(a) If in Theorem 1, F is a Hilbert space (H, <-, .)), then in this case we can take B(-,-) = <., .>. 
(b) If in Theorem 1, (F, H" [I) is a Banach space, then in this case we can take B(., .) = [., .], 
where [., .] is a semi-inner-product defined on F. (See Remark (d).) 
(c) If F is an arbitrary locally convex space, then in this case we can take B(., .) a separately 
continuous positive definite bilinear form defined on F. 
(d) The result is true if we replace B by Bo(x, y) = B(y, x), where B is continuous only in 
the first variable. 
4.  AN ALTERNATIVE  SOLVABIL ITY  THEOREM 
Let (E, II" II) be a Banach space and f : /~ ~ E a continuous mapping. Let [., .] be a semi- 
inner-product defined on E and subordinated to the norm H" ]] given on E. We consider again 
the equation f (x)  = O. 
DEFINITION 1. Given a real number E > O, we say that an element x¢ E B is an e-zero of f ,  if 
and only if IIf(x~)ll < c. 
REMARKS. 
(a) Obviously, if x0 E B is a zero of f ,  then x0 is c-zero for any c > 0. 
(b) In practical problems, we have that c > 0 is a very small positive real number. 
THEOREM 2. Let f : [~ --* E be a mapping. If  the following assumptions are satisfied: 
(1) f is a compact mapping, 
(2) [ / (x) ,  x] < 0, for any • e S = E E I t1 11 = 1}, 
then either f has a zero xo E [~ (i.e., f (xo) = 0), or for any c > O, f has an e-zero x~ E B. 
PROOF. If there exists xo ~/~ such that f(xo) = O, then in this case the proof is complete. 
Suppose that f (xo) ¢ 0 for any xo E/~. We show that in this case we must have that 0 e f(/~), 
which implies that for any e > 0 there exists xe E /~ such that ]]f(xE)][ < E, that is, x~ is an 
E-zero of f .  
Indeed, if 0 @ f(/~), we consider the mapping F(x) := (1/[]f(x)]l)f(x), which is well defined 
at any x E/~. 
The mapping F is continuous at any point x E B, because f (x)  ¢ 0 for any x E B. Moreover, 
we have that F(]~) C S. We show that F(/~) is a relatively compact set. Indeed, let {Yn}neg 
be a sequence in F(/~). Then, for any n E N we have that y~ = F(x~), with x~ E/~, that is, we 
have 
1 
yn = [if(xn)l[f(x~), for all n E N. 
Since f (B)  is relatively compact, we have that {f (xn)}neg has a convergent subsequence 
{f(xn~)}keN. We denote by z -- limk--.o~ f (x~ k ). We have that z E f(/~). To show that {Y~k }~elv 
is convergent, we must show that z ~ 0, which is true, since we supposed that 0 ~ f(/~). 
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Therefore, F is a compact mapping and F(/))  C S C/~. Because the assumptions of Schauder's 
Fixed-Point theorem are satisfied, there exists an element x.  C /~ such that F(x . )  = x.  E S, 
which implies Iif(x.)l l. x.  = f (x . ) ,  and finally, 
[f(x.),x.]--[llf(x.)ll x.,x.] = IIf(x.)ll [x.,x.] _> 0. 
The last inequality is a contradiction of Assumption (2) since x.  C S. Therefore, we must have 
that 0 C f( / ) ) ,  and the proof is complete. I 
COROLLARY 1. Let f : / )  --* E be a mapping. I f  the following assumptions are satisfied: 
(1) f is a compact mapping, 
(2) [f(x), x] > 0, for any x e S, 
then either f has a zero Xo E B, or for any e > O, f has an G-zero x~ C [L 
PROOF. We apply Theorem 2 to mapping ( - f ) .  I 
COROLLARY 2. Let (R ~, (., .)) be the n-dimensional Euclidean space/ )  = {x e R ~ ] IIxll < 1} 
and S = {x 6 R n ] [[xt[ = 1}. I f  f : B --* R ~ is a continuous mapping such that ( f (x ) ,x )  < 0 for 
any x c S (or ( f (x) ,  x) > 0 for any x E S), then f has a zero xo E [~. 
PROOF. Indeed, by Theorem 2 (or by Corollary 1), either f has a zero x0 6 /~ or for any 
en -- 1/n, n -- 1,2 , . . . ,  there exists an element x~ C/~ such that IIf(x~)[I < 1/n. Because/~ is a 
compact set, we have that the sequence {Xn}ne g has a subsequence {Xnk }keN convergent to an 
element x.  C /~. Obviously, because the continuity of f ,  we have that f (x . )  = O. I 
COROLLARY 3. Let (R n, (-,-)) be the n-dimensional Euclidean space/ )  = {x 6 R n [ []x]l < 1} 
and S = {x E R ~ ] ][x[[ -- 1}. I f  f :  [~ --* R ~ is a continuous mappingsuch that ( f (x ) ,x}  < (x, x>, 
for any x E S, then f has a Fixed point x. c JB. 
PROOF. Because we have ( f (x)  - x, x) < 0 for any x C S, we apply Theorem 2 and the corollary 
follows. I 
REMARKS. 
(a) Corollary 3 is an Altman-type fixed-point heorem in R n. (See [9, Theorem 1].) 
(b) In the case of the Euclidean space R '~, if f : /~  --~ R ~ is continuous and ( f (x) ,  x) < 0 for 
any x e S, we have also that (f(x), x) < (x, x I for any x E S, which implies that f has a 
zero in / )  and also a fixed point. 
The next corollary is an important application to the study of critical points of FrCchet differ- 
entiable mapping f : H ~ R, where H is a Hilbert space. 
COROLLARY 4. Let (H, (., .)) be a Hilbert space, /~ = {x e H [ fix[! _ 1} and S = {x e g ] 
I[xi] = 1}. Let f : H --* R be a Fr~chet dif[erentiable mapping and XY f (x )  the gradient of f at 
the point x E B. I f  the potential operator T(x)  = Vf(x)  is compact on B and (T(x), x) < 0 for 
any x E S, or (T(x),  x} > 0 for any x E S, then either f has a critical point in B, or for any 
e > O, f has an e-critical point. 
5. AN APPL ICAT ION TO COMPLEMENTARITY  PROBLEM 
We consider the general nonlinear complementarity problem. Let (R n, (., .)) be the n-dimen- 
sional Euclidean space, K C R n a closed convex cone, and f : R n -~ R n a continuous mapping. 
Let K* be the dual cone of K,  that is, K* = {y C R n ] (x, y} >_ 0, for all x E K}. The Nonlinear 
Complementarity Problem defined by f and K is 
find x.  E K such that 
NCP(f ,  Z ) :  f (x . )  e K* and (x., f (x . )}  = O. 
The Nonlinear Complementarity Problem is the mathematical model for many problems in 
optimization, game theory, economics, engineering, etc. (see [10]). 
About this problem, we have the following result. 
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THEOREM 3. Let (R n, (.,-)) be the n-dimensional Euclidean space, K C R n a dosed convex 
cone and f : R '~ --~ R ~ a continuous mapping. I f  there exists a > 0 such that [Ix - af(x)[[ < 1, 
for any x e R ~ with Ilxll = x, then the NCP( f ,K )  has a solution x.  with Ilx, II < 1. 
PROOF. It is known (see [2,10]) that an element x. e K is a solution to the NCP(f ,  K) if and 
only if there exists a > 0 such that PK [x. - af(x , ) ]  -x .  = 0, where PK is the projection onto K 
(which is well defined). 
Let c~ > 0 such that [[x-c~f(x)][ < 1, for any x e R n with I[x[[ -- 1. Consider the set 
/~ = {x • R '~ I [Ix]l < 1}. The mapping ~(x) = Pg[x -  af (x ) ] -  x is continuous and ~o(/~) is 
compact. For any x • R '~ such that Ilxll = 1, we have 
(PK  Ix -- c~f(x)] -- x,x) = (PK  [x -- c~f(x)] ,x) -- (x,x) < ll~ll IIPK -  f(x)]ll - ]l il 
= IIPK [x - c~f(x)]ll - 1 < l[x - c~f(x)l] - 1 < o. 
Because the assumptions 
exists an element x.  E /~ 
complete. 
of Theorem 2 are satisfied for the mapping ~o and the set J~, there 
(that is, with []x.[[ < 1) such that qo(x.) = 0 and the proof is 
| 
COROLLARY 1. Let K C R '~ a closed convex cone and f : R ~ -~ R ~ a continuous mapping such 
that f (x )  = ~x-T(x ) ,  for any x 6 R ~, where T : R n --* R ~ is a continuous mapping. I f  ~ > M, 
where M is such that liT(x)[ I < M,  for any x 6 R ~ with [[x[[ = 1, then the NCP( f ,K )  has a 
solution x ,  with [Ix, [] <_ 1. 
6. COMMENTS 
(1) We presented, in this paper, some solvability theorems for general nonlinear equations. 
We introduced in [3] the following notion. If D is a nonempty set, F a vector space and 
B : F x F --* R a mapping, then we say that a mapping f : D ~ F is B-obtuse at a 
given point x c D, if there exists y E D such that B( f (y ) ,  f (x ) )  < 0, whenever f (x )  ~ O. 
Considering this notion, we remark that our assumptions used in Theorems 1 and 2 are 
obtuseness conditions, and hence, geometrical conditions. 
(2) We note that Theorem 2 is a substantial generalization of the following classical result. If 
f : [-1, 1] --+ R is a continuous mapping such that f ( -1 )  > 0 and f(1) < 0, then there 
exists x0 c [-1, 1] such that f (xo) -- O. 
(3) If (E, I1" II) is a Banach space, K C E a pointed closed convex and f : E --* E is such that 
f (K )  C K and f : /~ O K --* K is compact, then Theorem 2 is valid if [f(x), x] < 0 for 
any x E S n K. In this case, we obtain a zero or for any e > 0, an e-zero for f in K. In 
this case, the cone K must be obtuse with respect o the semi-inner-preduct [., .]. 
(4) The following known result is a consequence of the Leray-Schauder topological degree. 
"Let (X, I1" II) be a Banach space, Do C X a bounded, closed subset with nonempty 
interior. Let qo : Do --0 X be a continuous compact mapping. If there is w E int(D0) - - /9  
such that for all ), > 1 and x E OD, ~(x) - w ~ A(x - w), then ~o has a fixed point." 
If X is the n-dimensional Euclidean space, then by this result we can prove our Theo- 
rem 2 considering Do =/~ and ~o(x) --- x + f (x) .  
In infinite-dimensional Banach spaces, this proof is not valid, since when f is a compact 
mapping, ~o is not compact. 
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